We implement a quantum teleportation algorithm in NMR with 13 C-labeled L-alanine. Here three 13 Cnuclear spins are qubits and H-nuclear spins are employed as a well-defined quantum mechanical interface to a detector. Our experiment is considered as a realization of ''quantum teleportation without irreversible detection'' and is helpful for understanding the principle of quantum teleportation.
Introduction
The quantum teleportation 1) of an unknown quantum state is a surprising demonstration, 2, 3) since it may be intuitively thought to violate the uncertainty principle of quantum mechanics, which forbids extracting all the information in an quantum object. By employing a reversible detector, Braunstein theoretically clarified how the quantum information is hidden within the correlations between the system and the environment and how it recovers from them. 4) More general discussions were made by Nielsen and Caves. 5) We have been employing a liquid-state NMR quantum computer, hereafter called an NMR-QC, as a test bench for a more realistic quantum computer. For example, we have demonstrated our time-optimal implementation of two-qubit quantum algorithms 6) and performed experiments where artificial relaxations are generated and suppressed by means of bang-bang control.
7) The purpose of this paper is (i) to realize Braunstein's reversible detector in a quantum teleportation algorithm and confirm his discussions with a concrete example and (ii) to show technical details of NMR-QC experiments.
Section 2 is a brief review of the theory of quantum teleportation, 1, 4) the entanglement fidelity 8) (a measure of how well quantum information is preserved). In §3 we describe details of our experiments. There we discuss the sample and our spectrometer, the Hamiltonian of L-alanine (our quantum computer), how to realize a detector with the Hamiltonian, the pulse sequence realizing quantum teleportation and the experimental results. Section 4 is devoted to summary and conclusions.
Theory

Quantum teleportation without irreversible detection
We briefly review the discussion by Braunstein 4) in which he employed a reversible detector. In order to make our discussions as simple as possible, we limit ourselves to the case of two-state system teleportation in this paper. See the original paper 4) for a general N-state system case. The original quantum teleportation scheme 1) is as follows. Qubit 1 in an unknown state j i is jointly measured with qubit 2, which forms an entangled pair j 00 i with qubit 3, and then qubit 3 is unitary transformed according to the result of the joint measurement and becomes j i. The mathematics behind the quantum teleportation is summarized by the decomposition of the initial state j i j 00 i, j i j 00 i ¼ 1 2
where
Here, k (k ¼ x; y; z) are standard Pauli matrices and I is the identity matrix of dimension 2. After a joint measurement, the system becomes one of the four states, for example, j 01 i x j i and the information ''01'' is obtained. Then, operating x , which corresponds to the information ''01'', on qubit 3 leads the state j i.
Braunstein introduced a detector, that is labeled ij and a 2 2 -states system. 4) Now, the total initial state is j00i j i j 00 i;
including the detector state j00i. The joint measurement in the quantum teleportation operation is described with a unitary operator U meas ,
where AE ij operates only the detector and
After the system interacts with the detector, or after the ''measurement'', the total state becomes 1 2
When the detector decohers to a certain state jiji, it is the same as the conventional quantum teleportation scheme. However, even if the detector does not decohere, applying the unitary operator P ij jijihijj I I U ij gives 1 2
The above equation implies that an unknown quantum state is teleportated from qubit 1 to qubit 3 without the irreversible amplification of an intermediate detector.
Quantum circuit
We will discuss a quantum circuit that realizes quantum teleportation. Brassard, Braunstein, and Cleve proposed the following quantum circuit, shown in Fig. 1. 10) It is easy to confirm that the output of qubit 3 is the same as the input of qubit 1 for any unknown state.
The quantum circuit shown in Fig. 1 consists of three blocks. The left block A makes an entangled pair j 00 i out of j00i. The middle block B converts j 00 i, j 01 i, j 10 i, and j 11 i to j00i, j01i, j10i, and j11i, respectively. The right block C is a circuit which realizes a conditional unitary gate for recovering the unknown state j i. Even when qubit 1 and 2 are measured after the middle block B, the output of the circuit does not change 10, 11) and thus the unknown state j i appears as the output of qubit 3. Therefore, the quantum circuit shown in Fig. 1 is considered as a circuit that realizes quantum teleportation with standard quantum gates in quantum computation. 10) Nielsen, Knill, and Laflamme performed the first complete quantum teleportation experiment by using an NMR-QC.
3)
The quantum circuit shown in Fig. 1 was implemented and decoherence of qubit 1 and 2 between the blocks B and C was interpreted as an observation or measurement by the environment.
12)
The quantum teleportation circuit including a detector, which was discussed by Braunstein, 4) is shown in Fig. 2 . The detector qubits (qubit d1 and d2) and qubits 1 and 2 are entangled in the central block M of the circuit. When qubit d1 and d2 decohere, qubits 1 and 2 decohere, too. We note that qubit 3 becomes the unknown state j i regardless whether the detector qubits (qubit d1 and d2) decohere or not.
The essence of the ''detector'' discussed above is a capability of entanglement between qubits and an environment (a detector). Therefore any unitary operation, which can entangle the qubits and the environment, may be employed for introducing a ''detector'' into the quantum teleportation circuit. The following unitary operation is such an example, which is convenient for performing experiments.
zz ¼ I I z I I z I:
2 ÞU e ð 1 ; 2 Þ is the identity operator, or U e ð 1 ; 2 Þ is reversible.
Entanglement fidelity
The entanglement fidelity 8) is often employed for evaluating quantum processes, such as quantum teleportation, which in turn requires quantum process tomography.
A general state change in quantum mechanics is described by a map,
which connects an input state and an output state EðÞ= Tr½EðÞ. The general form for E, which satisfies (1) linearity, (2) trace decreasing, (3) preserving positivity, and (4) complete positivity, is 
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where the system operators A i must satisfy
Then, the entanglement fidelity is defined by
When E is trace preserving, or Tr½EðÞ ¼ 1 like in the case of quantum teleportation, eqs. (3) and (5) are reduced to ! EðÞ;
Hereafter, we restrict ourselves to the case when E is tracepreserving. Then, we employ E i instead of A i in order to emphasize that we consider a special case. Let us calculate the entanglement fidelity of the phase flip channel, as an example. The channel is described by
where 1 À p is the probability that the state of a qubit flips from j1i to Àj1i. The entanglement fidelity
where I i ¼ I=2, is obtained. We employ eq. (6) for evaluating the effect of T 2 relaxation to the entanglement fidelity in §3.7. We need to perform ''quantum process tomography'', a procedure for obtaining E i , to calculate the entanglement fidelity. The idea of quantum process tomography is as follows. Let us assume that is a d Â d matrix, then the map ! EðÞ should generally be described with d 4 independent real parameters. When the map is trace-preserving, this gives d 2 additional constraints. Therefore, a trace-preserving E is described with d 4 À d 2 independent real parameters. When we prepare d 2 independent input states and measure all output states, the linearity of quantum mechanics guarantees to determine all parameters.
We, now, consider the case of d ¼ 2. 9) To determine E i from measurements, E i is parameterized as
with real numbers, e im , wherẽ
We can accomplish our goals by determining from measurements.
where jk can be determined from measurements. Note that there are only three independent jk for each j, because of the trace preserving condition. We introduce mn jk which is defined byẼ
Combining eqs. (8)- (10), we obtain
Then, is obtained by solving eq. (11). In our particular case, eq. (11) We are also able to calculate with 
in terms of block matrices.
Finally, E i is obtained as follows. Let the unitary matrix U y diagonalize , or
Substitution the above to eq. (8) gives
is obtained.
Experiment
Sample and spectrometer
We demonstrate a quantum teleportation algorithm without irreversible detection experimentally with an NMR-QC. We employ a JEOL ECA-500 NMR spectrometer, whose hydrogen Larmor frequency is approximately 500 MHz. We employ Gaussian pulses, of which pulse widths are t pw ¼ 0:7 ms, for implementing quantum algorithms.
A 0.6 ml, 0.78 M sample of 13 C-labeled L-alanine (98% purity, Cambridge Isotope) solved in D 2 O is used. The structure of L-alanine is shown in Fig. 3(a) . We label the methyl carbon qubit 1, the carbon qubit 2, and the carboxyl carbon qubit 3.
The spectrum, shown in Fig. 3(a) , is obtained by Fourier transforming a FID signal after a hard =2 pulse. Here, protons are decoupled using a standard heteronuclear decoupling technique (WALTZ-16).
13) The Larmor frequency differences, ð! 02 À ! 01 Þ=2 ¼ 4:4 kHz and ð! 03 À ! 02 Þ=
between qubit 2 -3, are also measured, as shown in the upper panel of Fig. 3(b) . The scalar coupling between qubit 1-3, J 13 , is too small to be identified from the spectrum. The scalar couplings, J d1 =2 ¼ 130:0 Hz between qubit 1 and the three protons in the methyl group and J d2 =2 ¼ 145:5 Hz between qubit 2 and the -proton, are also measured, as shown in the lower panel of Fig. 3(b) . We note that rapid exchange of the two amine protons and the single carboxyl proton (see Fig. 3 ) with the deuterated solvent makes them inactive as qubits (spins).
Relaxation times are T 1 ð1Þ ¼ 1:4 s, T 1 ð2Þ ¼ 2:8 s, T 1 ð3Þ ¼ 14 s, and T 2 ð1Þ ¼ 0:32 s, T 2 ð2Þ ¼ 0:26 s, T 2 ð3Þ ¼ 0:41 s, where the argument labels the qubit. Qubit 2 has the shortest T 2 , which limits the longest quantum calculation time. Qubit 3 has the longest T 1 , which limits the maximum repetition rate of applying pulse sequences. We also measure relaxation times of the methyl and protons. The results are T 1 (methyl) ¼ 1:2 s, T 1 ðÞ ¼ 2:1 s, and T 2 (methyl) ¼ 1:0 s, T 2 ðÞ ¼ 1:3 s.
Hamiltonian
The Hamiltonian of L-alanine in the individual rotating frame, 15) when protons are decoupled, is approximated by The Hamiltonian without decoupling protons is approximated by H d1 and H d2 in eq. (14) are the scalar couplings between qubit 1 and the three protons in the methyl group and between qubit 2 and the -proton, respectively.
Detector
We employ the three protons in the methyl group and the -proton, shown in Fig. 3(a) , as a ''detector'' that interact with qubit 1 and 2 thorough the scalar couplings H d1 and H d2 in eq. (14) . When a heteronuclear decoupling technique is (not) operating, the scalar couplings are (not) nulled. It implies that the ''detector'' can be switched on and off.
The unitary operator exp½ÀiðH d1 þ H d2 Þ, which represents a ''detector'', is realized as follows. Here is a period while the ''detector'' is on.
where U i ð; Þ is an operator exp½Àiðcos I x þ sin I y Þ acting on qubit i. In NMR quantum computing, the operator U i ð; Þ is realized by applying a rf pulse, where is controlled by its phase and is done by its strength and pulse width. The operators expðÀiHÞ and expðÀiH d Þ can be obtained by free time evolutions of the period with and without decoupling protons, respectively. The operation U 2 ð þ ; Þ exp½ÀiHð þ 0 ÞU 2 ð; Þ expðÀiH 0 Þ is for nulling the scalar couplings between qubit 1-2 and qubit 2 -3. We ignore the scalar coupling between qubit 1-3 because of its smallness. One of the detector qubit in Fig. 2 is replaced with three protons in the methyl group, and thus the realized unitary operator exp½ÀiðH d1 þ H d2 Þ is slightly different from eq. (2). However, this difference is not important.
Pulse sequence
We discuss a NMR pulse sequence implementing the quantum teleportation algorithm with L-alanine molecule.
In the first step, we modify the quantum circuit shown in Fig. 1 since J 13 is too small to implement a control-NOT gate between qubit 1 and 3. A standard technique to realize a control-NOT gate between two qubits that have no direct interaction
is employed for realizing CNOT 13 . Here, CNOT ij denotes a control-NOT gate (a control qubit = qubit i and a target qubit = qubit j) and SWAP 12 ¼ CNOT 12 CNOT 21 CNOT 12 swaps qubit 1 and 2. We omit the swap gate after CNOT 23 since we can leave qubit 1 and 2 swapped. Therefore, the block C in Fig. 1 is modified as follows. In the second step, we realize an Hadamard gate and a control-NOT gate by employing standard techniques in NMR quantum computing. 14, 15) It is important to compensate an unintended phase shift caused by the Bloch-Siegert effect 16) by adjusting phases of subsequent pulses. We note that this phase correction can easily be as large as 1 rad, or more. We also note that one spectrum is obtained by averaging over four spectra corresponding to four different phases ð0; =2; ; 3=2Þ of refocusing pulses.
The pulse sequence consists of 25 pulses and 12 free evolution periods and takes about t ps ¼ 95 ms.
Initialization
Qubit 1-3 are set initially in the pseudopure state j0i by employing a spatial averaging method 17) with field gradient pulses. All considerations discussed in §3.4 are also taken into account for making the pulse sequence which creates j000i state. The pulse sequence consists of 26 pulses, 4 pulsed field gradients, and 12 free evolution periods and takes about 100 ms.
We evaluate a created pseudopure state by applying a Gaussian =2 pulse on qubit 2 [U 2 ð=2; =2Þ], as shown in Fig. 4 . We have only one peak at ! 02 À J 12 =2 À J 23 =2 in the spectrum of the pseudopure state, while we have four peaks at ! 02 AE J 12 =2 AE J 23 =2 in that of the thermal state. The positive peak of the pseudopure state indicates that qubit 2 is j0i. The frequency of the peak informs the state of the other qubits as follows. The peak at
, corresponds to the state jqubit 1; qubit 3i ¼ j0; 0i; j0; 1i; j1; 0i; j1; 1i, respectively. Therefore, the spectrum in Fig. 4 indicates that the state of j000i is obtained.
Quantum teleportation
We perform a quantum teleportation experiment with the pulse sequence discussed in §3.4. We take the following four initial states of qubit 1 and apply the pulse sequence to the system. 
The states jþihþj; jÀihÀj; j1ih1j are prepared by applying rf pulses to the state j0ih0j, as shown in eq. (16) . Qubit 2 and 3 are in j0ih0j and the detector qubits are in the thermal state. The states of qubit 3, qt , is determined via FID signals.
15)
qt is parameterized as
A vector ða x ; a y ; a z Þ visualizes qt in the 3-D space. a x (a y ) is measured by numerically integrating the real (imaginary) part of the qubit 3 peak in a spectrum. a z is measured by numerically integrating the real part of the qubit 3 peak in a spectrum which is obtained by applying U 3 ð=2; =2Þ, called a read pulse, after the quantum teleportation operation. We can intuitively think from the view point of the Bloch vector that the read pulse transforms the z-component of the qubit to the x-one. a z of qubit 3 in the state j000i is used as unit for normalization. The density matrix i in eq. (9) is rewritten with j0ih0j; jþihþj; jÀihÀj; j1ih1j as follows.
Because of linearity in quantum mechanics, Eð i Þ is described with Eðj0ih0jÞ, Eðj1ih1jÞ, EðjþihþjÞ, EðjÀihÀjÞ. Therefore, we are able to determine jk in eq. (9) experimentally. Then, E i and the entanglement fidelity can be calculated, as discussed in §2.3.
Results
We perform 6 sets of experiment with ¼ 0, 1, 2, 3, 4, 4.9 ms ( þ 0 ¼ 5 ms) in eq. (15), while each set starts from 4 different initial states eq. (16). These sets correspond to different ''detector''s. Note that ¼ 0 ms corresponds to the case that the ''detector'' is always off. The spectra after quantum teleportation, when the initial states are I i þ I z , are shown in Fig. 5 . Measured ða x ; a y ; a z Þ's from these spectra are summarized in Table I . Those should be compared with ða x ; a y ; a z Þ ¼ ð0; 0; 1Þ in the case of ideal quantum teleportation. We observe in these spectra (1) the peak of qubit 3 is almost independent of , (2) the peaks of qubit 1 and 2 depend on , and (3) the peak height of qubit 1 decreases in increasing and crosses zero at ¼ 3 ms. The above observations indicate (a) qubit 1 and 2 are ''measured'' and the state of qubit 1 is teleportated to qubit 3 and (b) our ''detector'' is reversible.
Six sets of E i corresponding to 6 's are visualized in Fig. 6 . The surface of the Bloch sphere in Fig. 6 is mapped to the surfaces in Figs. 6(a)-6(f) corresponding to ¼ 0, 1, 2, 3, 4, 4.9 ms. 9) Although those surfaces are distorted, we can again see that the quantum teleportation algorithm works. The entanglement fidelities are summarized in Table II . The entanglement fidelities are not unity as expected, but larger than 0.5 which is the maximum for perfect classical transmission. 8) It indicates that some quantum information is teleportated, although it is not denotes with (without) a read pulse applying to qubit 3. The six spectra correspond to ¼ 0, 1, 2, 3, 4, 4.9 ms. The frequency range for each peak is 2 ppm. perfect. Note that not only imperfections in the pulse sequence but also T 2 relaxation of qubit 3 causes decrease of the entanglement fidelity. The time requires for quantum teleportation operation is t ps ¼ 95 ms and is not negligible compared with T 2 ð3Þ ¼ 0:41 s of qubit 3, and thus p in eq. (6) is 0:5 þ exp½Àt ps =T 2 ð3Þ=2 % 0:9. We observe that the entanglement fidelities are almost constant despite of disturbances by the ''detector''s. TrðEÞs are close to unity as expected, although there are some errors.
Summary
We introduce a well defined detector (or, more precisely a quantum mechanical interface to a detector) to quantum teleportation operation unlike other realizations. Then, we realize ''quantum teleportation without irreversible detection'' discussed by Braunstein. 4) Our experiments help us to understand the mechanism of quantum teleportation with a very concrete example. We also show technical details of experiment. 
